Suppose that α ∈ (0, 2) and that X is an α-stable-like process on R d . Let F be a function on R d belonging to the class J d,α (see Introduction) and A F t be s≤t F (X s− , X s ), t > 0, a discontinuous additive functional of X. With neither F nor X being symmetric, under certain conditions, we show that the Feynman-Kac semigroup {S F t : t ≥ 0} defined by
has a density q and that there exist positive constants C 1 , C 2 , C 3 and C 4 such that 
Introduction
Suppose X = (X t , P t ) is a Hunt process on R d with a Lévy system (N, H) given by H t = t and for every x ∈ R d and t > 0.
We introduce α-stable-like processes as follows.
Definition 1.1 We say that X is an α-stable-like process if C(x, y) is bounded.
In this paper, we assume that X admits a transition density p(t, x, y) with respect to m and p(t, x, y) is jointly continuously on (0, ∞) × R d × R d and satisfies the condition
where M 1 and M 2 are positive constants.
Here we do not assume that X is symmetric. When X is symmetric, it is called a symmetric α-stable-like process, which was introduced in [3] , where a symmetric Hunt process is associated with a regular Dirichlet form and thus Dirichlet form method can be applied. It was also shown in [3] that the transition densities of symmetric α-stable-like processes satisfy (1.1).
We list some examples which are α-stable-like processes and satisfy (1. 2 ) for α < 1, = 1, or > 1, respectively. [4] gave the following estimates for the continuous transition density p(t, 0, x), which equals t −1/α p(1, 0, t −1/α x): See (14.37), (14.30), (14.33) and (14.32) in [4] for details. It is clear that the dual process of the one dimensional strictly α-stable process has the transition density p(t, 0, −x). Thus applying the above estimates to p(t, 0, −x), we get One dimensional strictly α-stable process with α = 1 and β = 0 is a Cauchy process with drift 0. It is easy to see that when x → 0, p(1, 0, x) → a positive constant.
[4] also pointed out that p(t, 0, x) is positive when the Lévy measure ν is concentrated neither on (0, ∞) nor on (−∞, 0).
Therefore when the Lévy measure ν is concentrated neither on (0, ∞) nor on (−∞, 0), the transition density p satisfies (1.1).
For higher dimensions, [7] considered a large class of nonsymmetric strictly α-stable processes with 0 < α < 2, which has Lévy measure ν satisfying
for every Borel set B in R d , where λ is a finite measure on the unit sphere S = {x ∈ R d : |x| = 1}
and is called the spherical part of the Lévy measure ν. λ is assumed to have a density φ :
where σ is the surface measure on the unit sphere and κ > 0 is a positive constant. The assumption on φ implies the transition density p(t, 0, x) > 0 for all t > 0 and all x ∈ R d . It is known that p(1, 0, x) is uniformly bounded in x ∈ R d . [7] pointed out that the Lévy measure ν has a density f (x) = φ(x/|x|)|x| −(d+α) with respect to the d-dimensional Lebesgue measure, and
for every x ∈ R d \ {0}. Then the transition density p(t, 0, x) of the processes satisfy
and
whereC is a positive constant. See (2.6) and (2.7) in [7] for these two inequalities. Thus we have
(2.12) in [7] gave the following estimate,
wherec is a positive constant andC is the same constant as above. This implies that
is positive and continuous in x ∈ R d , there exists a positive constantc 0 such thatc
(1.4) Combining (1.2), (1.3) and (1.4), we can see that the transition density p satisfies (1.1). It is clear that C(x, y) = φ(
is bounded between two positive numbers. We say that a function V on R d belongs to the Kato class
and we say that a signed measure µ on R d belongs to the Kato class
Suppose F is a function on 
For any F ∈ J d,α , we set
We can define a non-local Feynman-Kac semigroup as follows
where f is a measurable function on R d . This semigroup was studied in [5] and [2] .
In this paper, we always assume both F and
Recently, sharp two-sided estimates of the density of the semigroup {S F t , t ≥ 0} were established in [6] . Under the assumption that X is a symmetric α-stable-like process, using a martingale argument and results from [2] , the following result was established in [6] : Suppose that F ∈ J d,α is a symmetric function, the semigroup {S F t , t ≥ 0} admits a density q(t, x, y) with respect to m and that q is jointly continuous on (0, ∞) × R d × R d . Furthermore, there exist positive constants C 1 , C 2 , C 3 and C 4 such that
The question that we are going to address in this paper is the following : can we establish the same two-sided estimates for the density of the Feynman-Kac semigroup of nonsymmetric α-stable-like process X when F ∈ J d,α is nonsymmetric. The proof of the above result in [6] can not be adapted to the case where neither F nor X is symmetric. It seems that, to answer the question, one has to use some new ideas. In this paper, we are going to tackle the question above by combining the generalization of an idea of [1] , which was used to deal with the estimates of the density of continuous functionals of Brownian motion, with some results on discontinuous additive functionals.
The content of this paper is organized as follows. In section 2, we present some preliminary results on discontinuous additive functionals. In section 3, we establish the two-sided estimates on the density of Feynman-Kac semigroup under certain assumptions of F (x, y).
5
For convenience, we use A t to denote s≤t F (X s− , X s ) instead of A F t . We have the following formulae for
The proof is straight forward.
In general, the formulae for A n t are given by the following theorem.
Theorem 2.1
where
.
Proof.
We use induction to show these two formulae for A n t hold for all n > 1. It is clear that they are true for n = 2. Suppose they hold for n ≤ m − 1, we show they hold for n = m.
It follows from the integration by parts formula,
( by the first formula for A n t when n = m − 1 )
i.e. the first formula for A n t holds for n=m.
Now we go to the second formula for A n t , for n = m.
( by the first formula for A
i.e. the second formula of A n t holds for n = m. 2
Density of Feynman-Kac Semigroups Given by Discontinuous Additive Functionals
From now on we define q 0 (t, x, y) = p(t, x, y) where p(t, x, y) is the transition density of α-stable-like process X and satisfies (1.1). By the second formula for A n t , we have for any bounded measurable function g
We define q n (t, x, z) as follows,
Then by induction, we can show that for any n > 0
·m(dz) m(dy)ds.
We assume that there exist positive constants C, L, M 0 and M such that |2C(x, y)| ≤ C,
Then p(t, x, y) is symmetric and satisfies
We can see that |q n (t, x, z)| ≤ q n (t, x, z).
Before we move on to the main results, two lemmas are needed.
Lemma 3.1 For any two positive constants K < 1 and L, there exists a constant C 0 (K, L) which depends on K and L, such that
Proof. Use the fact that there exists i 0 ≥ 0, such that
For any given K and L, we can choose a small t 0 so that for a given constant M 1 ,
Lemma 3.3 q n (t, x, y) is symmetric in x and y.
Proof. We know that
Put t − s 1 − · · · − s k =s 1 , s k =s 2 , . . . , s l =s k+2−l , . . . , s 2 =s k . It is easy to see the absolute value of the Jacobian of this transformation is 1. Let y k =w 1 , . . . , y l =w k−l+1 , . . . , y 1 =w k , w k = y 1 , . . . , w l =ỹ k−l+1 , . . . , w 1 =ỹ k and j k = i 1 , . . . , j l = i k−l+1 , . . . , j 1 = i k .
Thus the above equality becomes
Rearranging the components of the integrand and using the fact that F (x, y) and p(t, x, y) are symmetric in x and y, it is easy to see that the above expression for q n (t, z, x) is equal to q n (t, x, z).
2
In the proof of the following theorem, we use an idea similar to that used in [1] for Brownian motions.
Theorem 3.4 There exist two positive constants K < 1 and M , and there exists t 0 > 0 such that
2)
Proof. It is clear that when n = 0, (3.2) and (3.3) hold. We assume they hold for n ≤ m − 1, and consider the case n = m. Writing q m (t, x, y) into two terms in the following way:
Since (3.2) and (3.3) hold for n ≤ m − 1, we have
Then by Remark 3.2, we can choose a small t 0 such that for 0 < t ≤ t 0 ,
i.e. (3.2) holds for n = m. Now we show (3.3) holds for n = m.
It is clear that for the previous t 0 , when 0 < t ≤ t 0 ,
Therefore (3.3) holds for n = m.
By the above theorem, we have for 0 < t ≤ t 0 ,
Since |q n (t, x, z)| ≤ q n (t, x, z),
Thus we have the following properties for q(t, x, z),
, for any g bounded measurable and any t > 0, (ii) R d q(t, x, y)q(s, y, z)m(dy) = q(t + s, x, z), for any t, s > 0.
In the following, we estimate q(t, x, z) from above and from below. 
It is clear that for any (t, x, y)
we consider
We have the following theorem Theorem 3.6 There exists a small t 1 such that when 0 < t ≤ t 1 ,
Proof. We write q 1,k (t, x, z) into two terms
First we look at the first term. There are two cases.
Since C t ↓ 0 as t ↓ 0, then for both case 1 and case 2, we can find a small t 11 such that when
For the second term of q 1,k (t, x, z):
Letting t − s =s, the second term becomes
There are two cases.
Case a. When |x − z| ≤ t 1 α ,
( by symmetry of p(s, y, z)).
Since C t ↓ 0 as t ↓ 0, then for both case a and case b, we can find a small t 12 such that when
i.e.
Let t 1 = min(t 11 , t 12 ). Then when 0 < t ≤ t 1 ,
( by Hölder inequality ).
Let r ↓ 0, we have 1 2 k p(t, x, z) ≤ q(t, x, z). Therefore when 0 < t ≤ t 0 ,
Applying (iv) of Proposition 3.5, we have
where C 3 and C 4 are positive constants.
Next we establish the upper bound.
It is clear that for the positive constants L and K < 1 given in Remark 3.2 and Theorem 3.4, and M , C, which are the upper bounds for M (y) and |2C(x, y)| respectively, there exists a constant
Suppose that g ≥ 0 is a measurable function and g ≤ C g min(
, 1), where C g ≥ 1 is a constant, then we have the following Proposition 3.7 There exists t 2 ≥ 0 such that when 0 < t ≤ t 2 ,
Proof. When n = 1,
Thus (3.5) holds for n = 1.
Suppose it holds for n ≤ m − 1, we show that it holds for n = m.
Since C t ↓ 0 as t ↓ 0, ∃t 2 ≥ 0 such that when 0
by the choice ofC,
For the L, K, C and D 2 given above, it is clear that there existsC 2 ≥ 1 such that
We claim that Theorem 3.8 There exist t 3 > 0 andC 1 ≥ 1 such that when 0 < t ≤ t 3 ,
Proof. Since q 0 (t, x, z) = p(t, x, z), there exist t 13 > 0 andC 1 ≥C 2 such that when 0 < t ≤ t 13
i.e. the statement holds for n = 0. Suppose it is true for n ≤ m − 1. We show that it holds for n = m. We write q m (t, x, z) into two terms
First we look at the first term. There are two cases:
Since there exists t 23 > 0 and t 23 ≤ t 13 such that when 0
( by symmetry of q m−i (t − s, y, z) and Theorem 3.4 )
( by symmetry of q m−i (t − s, y, z), Proposition 3.7 and
It is easy to see that there exists t 33 > 0 and t 33 ≤ min(t 0 , t 2 ) such that when 0 < t ≤ t 33 , the first three terms in above inequality ≤ 
Combining case 1 and case 2, when 0 < t ≤ min(t 23 , t 33 ),
For the second term in the expression of q m (t, x, z):
( by symmetry of q m−i (s, y, z) and Theorem 3.4)
Since there existst 23 > 0 andt 23 ≤ min(t 0 , t 13 ) such that when 0 < t ≤t 23 ,
we have in case a when 0 < t ≤t 23 , It is easy to see that there existst 33 > 0 andt 33 ≤ min(t 0 , t 2 ) such that when 0 < t ≤t 33 , the first three terms in above inequality ≤ 
